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Abstract

Kernel machines are a popular class of estimators
commonly used in machine learning and statistics.
EigenPro is an iterative and scalable solver for
training kernel machines on large datasets exceed-
ing 1 million samples. This algorithm is highly
parallelizable and can take advantage of multiple
GPUs. However using multiple GPUs poses the
challenge of synchronization delays which can
plateau speed-ups leading to poor resource utiliza-
tion. In this paper we propose an improvement,
AsyncEigenPro, a parallel and completely lock-
free asynchronous algorithm, that is resilient to
synchronization delays between multiple GPUs.
This algorithm is inspired by Hogwild!, a popular
asynchronous alternative to SGD, but exploits the
special structure of the kernel regresison problem.
Our algorithm enables efficient multi-GPU train-
ing for kernel methods. We also rigorously ana-
lyze the convergence properties of the algorithm
which brings out the effect of delayed gradients.
Importantly, through kernel regression, we show
that the asynchronous SGD in the overparame-
tereized regime has a faster convergence rate than
in the classical regime with a better dependence
on the delay. Our large scale numerical experi-
ments on upto 10 million training samples, shows
a near-linear speedup in training time with respect
to the number of GPUs.

1. Introduction

Deep neural networks (DNN5s) are the state-of-the-art mod-
els in many machine learning applications today. They can
be trained on large scale datasets using graphics processing
units (GPUs). However they are challenging to train and
require a lot of domain knowledge and heuristics to achieve
good performance. Furthermore, tuning hyperparameters,
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Figure 1. Degradation due to synchronization delays: In this
experiment we run EigenPro and AsyncEigenPro with 7 GPUs to
measure the decrease in speed-ups due to synchronization delays.
We add an independent controlled delay at any time instant on
every GPU. As the plot shows, AsyncEigenPro is more resilient
to synchronization delays. More details in Section 5.

both for modelling and optimization, remains expensive.
The prevailing folklore is that it is the overparameteriza-
tion of DNNSs that enables their strong performance. See
(19; 205 9) for example.

Recent work has shown an equivalence of DNNs in certain
regimes to kernel machines, a well-studied class of models
with stable training procedures (13; 8). Kernel machines
can also surpass the performance of deep networks in cer-
tain settings with small and medium scale datasets (4; 1 1).
Furthermore, kernel machines can also be modified to learn
features that can enhance the performance of these models
(21). This has renewed the interest of the research com-
munity to investigate whether kernel machines can be a
principled alternative for DNNs.

However, a major challenge for deploying kernel mod-
els to practical applications is that the training complexity
scales super-linearly with the number of samples. An unre-
solved question is whether kernel machines trained on large
datasets are able to compete with DNNs. To resolve this
question, we first need to develop tools that enable training
kernel machines over large datasets, while retaining their
overparameterization.

Recently, the EigenPro algorithm was proposed as a scal-



able iterative solver for training kernel machines (15). This
algorithm has a Q(n) memory footprint, and a 2(n) per
iteration complexity, where n is the number of training sam-
ples. Furthermore, this algorithm is highly parallel since it
only involves pairwise kernel-evaluations and matrix-vector
multiplications. Importantly, the algorithm can, in principle,
take advantage of multiple GPUs, in a Data-Parallel manner,
with a potential to scale linearly with the number of GPUs.
This is an attractive property since the V-RAM on a single
GPU is limited and remains an expensive resource.

However, when using multiple GPUs to deploy EigenPro
for large-data problems, a major challenge is the delay costs
due to synchronization between the GPUs. Figure 1, shows
the degradation in speed-up due to synchronization delays.
Importantly these costs can grow with the number of GPUs
and preclude efficient resource utilization at scale.

In the rest of the paper, by EigenPro, we mean EigenPro2 —
the improved version presented in (16).

1.1. Main contributions
In this paper we provide a:

1. New asynchronous algorithm: for training kernel ma-
chines using multiple GPUs with a near-linear speed-
up. We provide a PyTorch implementation of our al-
gorithm. Our algorithm has been tested on compute
nodes with upto 8 GPUs, but has the potential to scale
beyond to multi-node multi-GPU setups.

2. Convergence analysis: We provide a rigorous analysis
for the convergence of our algorithm. Asynchronous
alternatives to SGD such as Hogwild! and its variants
have been well studied in the classical setting. Typi-
cally both SGD and asynchronous SGD in the classical
regime need an annealed learning rate. However, in
overparameterized settings, SGD possesses an impor-
tant property called variance reduction for free (VRF),
which allows exponential convergence of SGD with a
fixed learning rate. We show that asynchronous SGD
in the overparameterized case has better convergence
rate compared to the classical regime. Our analysis
shows that the effect of delay is sublinear for this prob-
lem unlike the quadratic effect in the classical regime.
A summary of comparative results is provided in Table
1.

3. Large-scale experiment: We train kernel machines
in the overparameterized setting with upto 10 million
training samples. To the best of our knowledge, kernel
machines have not been trained at this scale before,
without using an approximate model.

Regime SGD Async-SGD
Classical 6) (17
learning rate annealed fixed, O(1/delay?)
error O(1/T) O(1/T)
Overparam. (14) Theorem 1
learning rate fixed, O(1) | fixed, O(1/+/delay)
error O(exp (-T)) O(1/T2)

Table 1. Summary of convergence analyses of SGD, and asyn-
chronous SGD for linear regression in the classical regime and in
the overparameterized regime. While the classical regime requires
an annealed learning rate, in the overparameterized regime a fixed
learning rate SGD can converge due to the variance reduction for
free (VRF) phenomenon from (14). The results also suggest that
overparameterization helps in asynchronous case too but not to the
same effect as synchronous. Here T is the number of iterations .

1.2. Prior work

EigenPro was derived in (15) as a preconditioned stochas-
tic gradient descent, with a space complexity and compu-
tational complexity of O(mn) for n training samples and
a batch size of m. The preconditioner is designed to en-
sure maximal GPU memory utilization. The first version
of EigenPro required a setup cost of O(nq?) where ¢ is the
level of the preconditioner, and an additional per iteration
cost of O(mn) for preconditioning. The second version
in (16) employed a Nystrom approximation (27) to find a
preconditioner that reduced the setup cost to O(sq?) and
per iteration cost to O(sm), for ¢ < s < n. This made
the preconditioning step scalable at each iteration. With
this the per iteration complexity is O(m(n + s)). We pro-
vide a detailed description of the mechanics of the EigenPro
algorithm in Section 2.1

Solving the above system of linear equations using matrix
inversion scales as O(n?) making it prohibitively expensive
for large-scale applications. Thankfully, the problem pos-
sesses a lot of structure which enables iterative algorithms
to yield solutions in a scalable manner.

Other iterative kernel solvers: A few well-known
iterative solvers are PEGASOs (primal Kernel-SVM),
Kernel gradient descent (or Richardson iteration (23)),
NyTRO (early stopping + Nystrom subsampling), and
FALKON (NYTRO+preconditioning). Kernel matrices are
typically poorly conditioned, which necessitates precondi-
tioning to speed-up iterative training. While there are more
versatile solvers such as GPYTorRCH and GPFLow which
can minimize a variety of loss functions, they typically do
not scale to datasets with 100,000+ samples.

Our work is most closely related to EigenPro2, which is yet
another iterative solver which applies preconditioning. A
more detailed review of EigenPro2 is provided in Section 2.
Perhaps the most significant difference between EigenPro
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Figure 2. Schematic of AsyncEigenPro (Algorithm 1). In each iteration, every GPU reads the entire parameter vector asynchronously from
shared memory (line 8 from Algorithm 1), and writes asynchronously to a partition of the parameter vector (line 10 from Algorithm 1).

The coordinates of the subvector a)”*

the coordinates of the subvector a2

correspond to the indices of the data samples in the Nystrom approximating subset X**, whereas
corresond to the indices of the data samples in the minibatch X2 for the iteration. In every iteration

the location of the batch update changes, but the Nystrom update location remains the same.

and FALKON is that the EigenPro predictor has n degrees of
freedom and is well defined even for kernel ridgeless case,
whereas FALKON have an approximate model with < n
degrees of freedom and necessarily require a non-zero ridge
parameter. Hence FALKON solvers are unstable to solve the
kernel interpolation problem.

Recently, EigenPro3 was proposed in (1), for learning so-
called general kernel models. The rate determining step in
EigenPro3 is a projection subproblem that applies Eigen-
Pro2. Hence faster alternatives to EigenPro2, such as ours,
benefit EigenPro3.

Distributed kernel regression: Distributed approaches ker-
nel regression has also been studied using the random fea-
tures approximation in (12). There have been several other
approaches to solving the kernel regression problem given
in equation (4) in a distributed manner, (see (18)). However
these algorithms rely on a matrix inverse or equivalent oper-
ations which makes them (i) unable to scale to large models,
and (ii) unstable for the kernel interpolation problem (no
ridge regularization). Distributed kernel regression has been
considered in (28) and several follow-ups. However akin to
EigenPro our training algorithm does not approximate the
kernel model.

Asynchronous SGD analysis with delays: Hogwild! (22)
is a well-known algorithm for applying SGD with asyn-
chronous updates from multiple processors into a single
parameter in shared memory. This algorithm is particularly
useful when SGD iterates are sparse. It’s analysis is fur-
ther simplified using the perturbed iterate framework (17).
We apply the theoretical frameworks from these works to
analyze our algorithm’s convergence properties. Generic
analysis for SGD under delayed updates and slightly differ-
ent environment has also been considered in (2).

2. Problem Formulation and Background

Kernel machines are models of the form
n
fle) =Y oK () 8))
i=1

where o are learnable parameters, x; are training data, and
K : R x R? — R is a positive definite kernel function.
See (3; 26) for an in-depth review of kernel machines and
its applications to machine learning.

Given a set of labelled training data (X,Y) =
{(ziyyi)}i—, € R? x R*, we wish to find an interpolat-
ing predictor from an RKHS H corresponding K,

subjectto f(X) =Y, (2)

~

f= arg;nin 111,

where the constraint means f(z;) = y; for all i. One can
show that this estimator is equivalent to the following kernel
ridge-less regression with ridge penalty parameter A = 0,

~

1y 2, A2
h:%g%%;W%%%H+ﬂNH($

Due to the representer theorem of (10) and (25) we know
that the optimal solution has the form in equation (1).

Furthermore, a* = (a}) € R™* with af € R*, is the
solution to the linear system of equations

(KX, X))+ M,)a* =Y “
where Y = (y;) € R"*¥. Thus learning a kernel machine is
simply solving the above n x n linear system of equations.

In this paper we give an algorithm to solve for a* with a
highly parallelized mechanism using multiple GPUs operat-
ing asynchronously.

Notation: For any function f, and a set X = {x,}, we



mean by f(X) the vector of stacked evaluations of f, i.e.,
[f(X)]: = f(z;). Similarly, for kernel functions K, and
sets X, Z, by K(X, Z) we mean the matrix of pairwise
kernel evaluations [K(X, 2)];; = K(z;, 2;).

A concept used often in what follows is that of the top-g
eigensystem of a positive definite matrix. Formally,

Definition 1 (Top-q eigensystem). Let Ay > Ay > ... >
s, be the eigenvalues of a symmetric positive definite ma-
trix K € R®*#, i.e., for unit-norm e;, we have Ke; = \;e;.
We call the tuple (A, E, A\;41) the top-¢ eigensystem, where

A = diag(Ar, Ag, - .., Ag) € RYY, and

E = [61, €9,..., eq] € R5*4,
The computational complexity of finding the top-q eigen-
system is O(sq?).

We now describe the mechanics of the EigenPro algorithm.
Our algorithm is an improvement to EigenPro.

2.1. Mechanics of EigenPro

EigenPro is a O(n) space algorithm for training Kernel
machines. The first version in (15) used preconditioned
stochastic gradient descent to solve problem (3) efficiently,
with a mini-batch size of m. The preconditioner is derived
by flattening the eigenvalues corresponding to the first g
eigenspaces of K.

A further improvement to EigenPro was proposed in (16) us-
ing a Nystrom extension for constructing the preconditioner.
This improvement drastically reduced the per iteration com-
plexity of preconditioning from O(nmgq) to O(smgq), where
s & n is the size of the Nystrom approximating subset
Xnys C X.

In each iteration of EigenPro, a minibatch Xb2t Y2t jg
sampled from XY, and a stochastic gradient is obtained
for this minibatch,
1

gbat = E (K(Xbat,X)a _ Ybat) . (5)
Using this stochastic gradient, a preconditioned update is
performed to the current estimate of the parameters c. This
results in two simultaneous updates to « in each iteration,

(6a)
(6b)
where a”?" is the subvector of o with indices corresponding
to the samples in X 2. Similarly oY is the subvector with

indices corresponding to samples in X"*. In the equation
above, the matrix M is a low rank matrix, given by

M:=EA ' (I-ApAHET, (7)

where (A, E, A\;41) forms the top-g eigensystem for the
s x s matrix K(X"™®, X"*) (see definition 1 above).

abat « abat _ ,r]gbat
a™s «— oS + nMK(Xnys7Xbat)gbat

bat

Algorithm 1 AsyncEigenPro

Require: Data (X,Y) and G GPUs, kernel function
K(-,-), shared parameter vector o € R"

Require: Batch size m, learning rate 7, Nystrom size s,
preconditioner level q.

Preprocessing:

1: Sample subsets X”°, X3¥° ... X * without replace-
ment from X, each of size s.

2: for r <+ 1, ..., G do in parallel on each GPU

3: M, « preconditioner from X¥* using eq. (10)
4: end for
[teration:

5: for r «+ 1,..., G do in parallel on each GPU

6: fort < 1,2,...do

7: (Xbat y'bat) ¢ mini-batch of size m

8 Read « from shared memory as &

9: calculate gradient gt using equation (11)
10: Write (ab2t, a™*) updates equation (12)
11: end for
12: end for

Note that X™* is chosen once at preprocessing and M €
R®*# is calculated once but stored as the tuple (A, E, Ay41)
for fast low-rank matrix multiplication. Thus the steps in-
volved at setup are

(P1.) Kernel evaluations K (X", X ")
(P2.) Top-q eigensystem computation M = (A, E, Aj41)
whereas the steps involved in each iteration are:

(I1.) Kernel evaluations K(Xb2 X)
(I2.) Gradient computations (equation (5))
(I3.) Preconditioning (reusing K(X™, X?2%) from (I1.))

FLOPS Memory
Preprocessing (P1-2.) s?c + sq? 52
Iteration (I1-3.) mncg + mnk nm

Table 2. Cost of EigenPro. c is the cost of 1 kernel evaluation, k
is the target dimension. See notation Table 5.

3. Design of AsyncEigenPro

Before designing AsyncEigenPro, we first describe how we
can distribute the computation of EigenPro over multiple
GPUs.

EigenPro is highly parallelizable and can utilize multiple
GPUs by distributing the kernel and gradient computations.
These results can then be gathered and merged into an up-
date for parameter vector.



1 GPU 4 GPUs 8 GPUs
Accuracy Time Time Speedup Time Speedup
(async) CIFAR-5M 89.15% 27.58 7.09 3.89x 3.70 7.45x
(async) ImageNet9 74.21% 10.73 2.78 3.85x% 1.37 7.83 %
(sync) CIFAR-5M 89.16% 27.58 7.04 3.92x 3.715 7.42x
(sync) ImageNet9 74.30% 10.73 2.74 3.91x 1.39 7.71 %
(sync) ImageNet 66.71% 8.241 2.76 2.98 < 1.30 6.33 %
(sync) HIGGS 70.35% 88.16 22.20 3.97x 11.51 7.65 %
(sync) TAXI 0.382(mse) 74.87 18.80 3.98 9.42 7.95 %

Table 3. Speedup of 1-epoch multi-GPU training. Time in minutes. Here, we try to get maximum speedup from both EigenPro and
AsyncEigenPro. The shared parameter is in GPU. Hence, the communication delay is minimal or negligible except for ImageNet whose
parameter vector is large (due to 1000 classes) which results in significant transfer costs.

We assume that (X,Y), (A, E, A,41) are stored on each of
the G GPUs.

In the distributed computation, at each iteration, we first
split the minibatch X3, Y2t into G virtual disjoint sub-
batches,

(leat7 1/lbat)7 (Xgat’ Yzbat)’ ctt ( gat’ Ct;at)'
The gradients for each sub-batch are computed as,
g = (KX X) - Y™), r=1,....G.

Finally, a reduction is performed by stacking and summing,

T
g™ = [g'fatT gga‘T gg‘?t—r} ) 8
G
MK(XnyS, Xbat)gbat — Z MK(XnyS, X,,t,)at)g,,t‘)at. (9)
r=1

And then the updates equation (6) are performed.

Asynchronization: The sub-batching can be trivially asyn-
chronous. Similarly, instead of stacking the gb"’s as in
equation (8), the coordinates corresponding to a2 can be

updated directly asynchronously.

However performing the asynchronous update to a"'® using
(6b) without the sum reduction equation (9) is problematic.

The need for multiple preconditioners: Observe that at
each iteration, the same set of coordinates corresponding
to X"* are updated. Consequently, each of the G GPUs
attempts to write to the same shared memory. This can lead
to unstable behavior unless proper locking is utilized which
can be costly. See Figure 3 for an illustration.

Instead if the preconditioning step in equation (6b) involved
updating separate parts of the shared parameter vector, the
problem of locking can be avoided.

This is indeed the main design innovation of AsyncEigenPro.
We enable this behavior by using multiple preconditioners
for the EigenPro algorithm, where each GPU contains a

unique preconditioner M, corresponding to X*. We also
enforce that X¥* are disjoint subsets of X, which imply the
preconditioning write operations are non-overlapping. Let
(A E,, )\5;21) be the top-¢ eigensystem of K(X s, X1¥s)
calculated on the r*® GPU. Then define the preconditioner,

M, = E, AL (I — )\éﬁzlA;l) E’ (10)
Note that having multiple preconditioners does not incur
any additional setup time. Since we have multiple GPUs
and computation of preconditioners are independent of each
other, we can completely parallelize these computations.

The problem of inconsistent reads: The parameter vec-
tor «x is in a shared memory which every GPU can access.
Each GPU would need the whole parameter vector to cal-
culate gradients. Since each GPU is updating independent
of other GPUs, the value of the the parameter during read
may be different from the value of parameter at the time of
update because other GPUs may have updated the parameter.
So, the gradient updates may not correspond to the current
parameter, also known as the problem of stale gradients.

Similarly, while a GPU is reading the shared parameter
vector other GPUs may have partially updated the parameter
which leads inconsistencies while reading the parameter. We
call this event inconsistent reads. We follow notions from
(17) to encapsulate both these events as perturbations to the
parameters and denote the read parameter by any GPU as
o

Mechanics of AsyncEigenPro: Each GPU runs the Eigen-
Pro training algorithm independently of each other in an
asynchronous and lock-free manner. We first randomly
partition the data into mutually exclusive and collectively
exhaustive sets { X T}S:p one for each GPU. Nystrém and
mini-batch samples for each GPU are sampled from its
corresponding set X,.. Then, during training, each GPU
asynchronously fetches the most updated o from shared

memory which we call &, and computes the mini-batch
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Figure 3. The need for multiple preconditioners in AsyncEigenPro: A single preconditioner would mean every GPU updating the same
coordinates in equation (12b) in each iteration. In a lock-free environment, this easily leads to race conditions. Mutliple preconditioners
with disjoint Nystrom coordinates overcomes this challenge. Most runs with a single preconditioner diverged, and in the runs in which it
converged (plotted here), we can see, ASyncEigenProis very unstable. For a single preconditioner to converge we need to decrease the
learning rate even further. This effect can only get worse as we increase the number of GPUs

gradient
1 ~
gt = — (K(XP", X)a - Y, ™) (11)
m

and the preconditioning M, K("sbatr) gbat - Einally, the
parameter in shared memory is updated asynchronously as,
(12a)

(12b)

bat bat bat
Q. — o — g,

P a4 MK (X, X g

We emphasize that there is no locking or synchronization at
any point. We allow for inconsistent reads, whereas writes
are non-overlapping by design. Hence, unlike prior works,
we do not need to assume atomic writes even for single
dimension.

Note that M, is calculated using top-q eigensystem of
K (XM=, X¥). For pseudo code see Algorithm 1.

4. Convergence Analysis

To account for delayed gradients we define the following.

Definition 2 (Maximum iteration latency 7). We assign a
time ¢ to an iteration at the start of the write operation to the
shared parameter vector. Between the time of read and time
of update of iteration ¢, other GPUs may have updated the
shared parameter. We assume there exists a constant integer
7 such that the maximum number of updates between time-
of-read and time-of-write is no more than 7.

Assumption 1 (Strong convexity). The smallest eigenvalue
of the kernel matrix K(X, X)/n satisfies A,, > 0.

Theorem 1 (Convergence of o). Consider the iteration
given in equation (12) initialized at oy, with maximum

. . . m
iteration latency 1. If the learning rate n < B (m=1)’

B = max k(x;,x;), (A1, A2, ..., \n) are the eigenvalues of
K (X, X)/n, then after T iterations, we have

T
Ellar —a| < (1= %) flao - o’

22T L T
+77T'”'t<1_(1_?72n)) (13)
m
where Linit is the square loss at initialization.

See Appendix A.l for proof. For 7 = 0, we are in the
synchronous setting, in which case the result matches the
parameter bound in (? )Thm. 1]Jma2018power.

Remark 1 (Residual variance due to delay 7). Lack of auto-
matic variance reduction. The first term of the bound is an
exponential convergence term since we are dealing with a
linear dynamical system. The second term is a variance term
which is introduced because of the delay 7. Notice that de-
spite of non-overlapping updates and overparameterization
we do not see a complete VRF.

Dependence on delay: Note that, there is only a linear
dependence on the delay 7 as against the quadratic depen-
dence in Hogwild!. Comparing the analysis with Hogwild!,
our analysis uses two key aspects of the kernel regression
problem at hand — (i) interpolation and (ii) multiple pre-
conditioners. Since we can interpolate, we can apply the
analysis from (14). Furthermore, we have non-overlapping
write operation, which simplifies analysis significantly.

To get to a specified error € we can make each of the two
terms €/2 which results in following

Corollary 2. Error rate of € is reached i.e., || ar — o* ||§ <
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Figure 4. For AsyncEigenPro, we plot the training loss as a function of wall clock time. Due to delayed gradients, learning rate had to be
decreased. Also, decrease in learning rate with respect to the number of GPUs is very mild. For both CIFAR-5M and ImageNet9 we did
not have to decrease learning rate more than a factor of half as compared to that of 1 GPU.

€ forn < ;Ziit after T iterations given by

2Hao—a*||§)

[~ log -
T Z O 7—Elnlt (
me An

Note that upto logarithmic factor our analysis provides 1 /7
rate of convergence for constant step size. This is in contrast
to synchronous and asynchronous SGD analysis (17) which
guarantee 1/7T convergence rate upto log factors. Compar-
ing these analysis, we see that the better rates are mainly
due to the interpolation properties.

Remark 2 (Speedup challenges in the interpolation regime).
If number of processors is G then 7 = O(G). We see from
Corollary 2 that as we increase the number of processors,
the number of iterations increase by v/G. So, the theoreti-
cal guarantee is for v/G speedup. In interpolation regime,
synchronous SGD has strong convergence properties due to
VREF. Hence, introducing a variance due to delayed gradi-
ents results in less than linear speedup guarantee. However,
in experiments we see that much better speedup is obtained
in many cases.

5. Numerical experiments

We run experiments on various datasets with both multi-
GPU EigenPro and AsyncEigenPro. We also run experi-
ments with delay models on each GPU. Then, we explore
a scenario where we can get maximum speedup. Exper-
iments were conducted on Linux machine, AMD Milan
CPUs where we use upto 80GB memory, 8 NVIDIA A100
GPUs contained in a single node. For a given dataset we use
a fixed preconditioner level (see Appendix B), consequently
the mini-batch size (see (14)), for all the runs such that we

use maximum memory capacity of the GPUs. For certain
asynchronous runs we tune the learning rate.

Datasets: CIFAR-5M is a 5 million subset of CIFAR10-
like images from (20). We use a 3 million subset of this
data. Next, we generate a subset of ImageNet dataset using
9 classes belonging to living animals (7). Then, we perform
random augmentations to get a dataset of size 1.85 million
images which we call ImageNet9. All image datasets are
featurized using MobileNetV2 model (24) and then used as
input for kernel regression. HIGGS data is from (5). TAXI
dataset is originally from this' repository. We borrow a
subset of this data from (18) and further sample to get a data
size of 10 million.

Table 4. Datasets for experiments. TAXI is a regression problem.

Dataset #samples | # features | # classes
CIFAR-5M 3 million 1280 10
ImageNet9 | 1.85 million 1280 9

ImageNet | 1.28 million 1280 1000

HIGGS 10.5 million 28 2

TAXI 10 million 9 1

Effect of random delays: Figure 1 shows the comparison
between synchronous and asynchronous training when some
processors are delayed.

We assume a delay model where at each iteration each GPU
has the same probability of a delay event. So a GPU can
randomly delay gradient computation by a given probability.
The effect of delay is distributed across iterations in the
case of AsyncEigenProwhereas the delay gets added to each
iteration in EigenPro. Thus we see that as the probability

"https://github.com/toddwschneider/nyc-taxi-data
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Figure 5. We show speedups of both EigenPro and AsyncEigenPro for up to 8 GPUs. All the runs are driven to same loss value. Both
EigenPro and AsyncEigenPro exhibit a significant speedup with increasing number of GPUs. Here, the EigenPro fares better due to
the idealized conditions with minimum communication delays. However, as we show in Figure 1, in the presence of delays, the speedup

of AsyncEigenPro degrades more gracefully than EigenPro.

of delay increases, the gap between synchronous and asyn-
chronous increases. We see in Figure 1 that for probability
as low as 0.02 we see a significant decrease in speedup for
EigenPro. Also, the delay model considered here is fairly
benign. Other delay models like having a consistently slow
GPU or high communication delay can make synchronous
algorithm prohibitive.

Speedups: We see in Figure 5 the speedup obtained by
both EigenProand AsyncEigenPro. The shared parameters
in these experiments reside in CPU. The modern NVIDIA
A100 GPUs have a very efficient CPU-GPU transfer mecha-
nism which results in minimum communication delay. We
see that synchronous case fares well in these scenarios. We
show the progression of training procedure for AsyncEigen-
Pro in Section 4. Due to multiple preconditioners, even
with lock-free algorithm we get stable training along with
significant speedup.

Approximation-Optimization tradeoff In many use cases,
higher computational efficiency is desired at a slight cost
of model performance. For such approximate solutions, a
larger 7 can suffice. We note in Table 3 that it is possible to
get good accuracy without complete convergence in training
error. For cases like TAXI, where the size of the parameter
vector is not large, we see full linear speedup.

6. Discussion and Conclusion

In this paper we provided a new algorithm called Asyn-
cEigenPro, a multi-GPU lock-free parallel training algo-
rithm for large-scale kernel regression.

This algorithm is resilient against synchronization delays
as shown in Figure 1, and is suited for multi-GPU training
with a large number of GPUs, since synchronization delays
grow with the number of GPUs.

We provided the first convergence analysis for over-
parametrized SGD in an asynchronous setting. This analysis
shows that the convergence rate of asynchronous SGD in
overparametrized regime is better than that of the classical
setting.

Our numerical experiments provided kernel regression on
10 Million training samples. To the best of our knowledge
this is the largerst kernel machine trained without reducing
the model size.

Currently, we performed all experiments on a single node
with at most 8 GPUs, which is the maximum number of
GPUs available per node in our computer cluster. A multi-
node training can also be setup, with some additional tech-
nicalities. The algorithm algorithm being robust to commu-
nication delays shows potential to scale even further.
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APPENDICES

Symbol Purpose
Number of samples
Batch-size
Number of GPUs
cost of 1 pairwise kernel evaluation
input dimension
output dimension
Nystrom approximation subsample size
Preconditioner level

Qe a0 QO3 3

Table 5. Symbolic notation. They satisfy m < n,and ¢ < s < n.

A. Proofs

In many of the steps we will be using the following result
2 2 2
pin [0l < M|y < pn [loll; (14)
where 1, is the largest eigenvalue and fi,, is the smallest eigenvalue of the full rank matrix M " M € R™*"_ v is any vector.
Definition 3 (Selector matrix Q,,,). For any index set B3,,, with size m we define a diagonal matrix which acts as a selector.
1 i=j,ie€B,
[Qm]ij = .
0 otherwise
Definition 4 (Redefining M,.). Let’s define a n x n version of M,. defined in equation (10) where we assign O to all the

entries which do not correspond to Nystrom indices.

A= F\g 00_ } € R™™, M, € R*¥* (15)

From here on in the appendix we will refer to A as M,. for convenience in notation.
Definition 5 (Preconditioners P, and P ).
P..=1-MK (16)
P:=1-MK (17)
where M is the matrix obtained when s = n in equation (10) i.e., without Nystrom approximation

Lemma 3 (Update equation for «x). Updates in equation (12a) and (12b) can be merged into a single update equation as
follows

Q41 = O — %Per (Kat - y)

where Q,, is the selector matrix (definition 3) for the set of mini-batch indices

Proof. For analysis, we want to merge (12a), (12b) into a single update equation. We will use the selector matrix ), and
Q) for selecting set of mini-batch indices B,, and set of Nystrom samples’ indices B, respectively. This gives a full update
equation for o with zeros in the non-batch and non-Nystrom indices.

Now, merging (12a) and (12b) gives
Qe =~ Qu (K& —y) + M, (QuKQ.) Qu (Kd, —y)
=~ L (I -M,K)Q, (K&, —y)

where, we have used MQ; = M, Q2, = Q.. Define
P..=1-M,K

11



to get
Qiy] = O — QPer (Kat -y)
m
Note that only B,,, U B; indices are updated in each iteration just like in (12a), (12b). Now we have a single update equation
for each iteration of EigenPro. |

Definition 6 (Selector Q! for inconsistencies). The updates from other processors might be partially complete when iteration
t starts the update. To account for such scenarios define Qf. For iteration ¢ and iteration ¢ such that t — 7 < 7 < t, there
exists a diagonal matrix Q¢ € R™*" with diagonal entries in {0, 1} such that

t—1
Gi—ai=-L 3 QUPQ (K& —y)} (18)

1=t—T
i.e., between time of read and time of update, the difference in parameter is only because of delayed gradients and partial
writes.

A.1. Proof of Theorem 1

Proof. First we will merge the two step update in equation (12) into a single update equation in Lemma 3. Then we
derive a bound on ||y — a*||? for after T iteration. The upper bound involves two terms. The first term is an exponential
convergence term since we are dealing with strong convexity and the second term is due variance introduced by the delayed
gradients.

Notice that the parameter updates in AsyncEigenPro are additive. However, the updates are asynchronous, whereby the
parameter value on which g,,, in equation (11) is computed could be different than the parameter value at which it updates.
Furthermore, there could be inconsistent reads which will result in noisy updates. We define & to denote both delays (stale
updates) and inconsistent reads. Using & in the update rule of Lemma 3 will give

Qi = oy — %Per (Ka; —y)
We define a function g,, : R — R"
1 1
gm(a) = —P.Q, (Ka—y) = —P.Q,K(a—a”) (19)
m m
a1 = o — Ngm () (20)

Lemma 6 gives the convergence of the above iterations and the theorem statement.

O
Definition 7. Define a function h : R™ — R as below
1/1
ha) = — <2aTPKa — aTPy) 21
n
1 1 T T *
= - §a K,a-a K,«a (22)
where K, := PK (23)
here, we have used y = Ka*
Lemma 4 (Eigensystems of matrices). Consider the loss function L
1
£(e) =~ [Ka —yl; (24)

where K is the kernel matrix. Let \y > Xy > ...\, > 0 be the eigenvalues of K /n and the corresponding eigenvectors
€1,€a,...,e,. Notthat these different from definition 1 by a scaling factor of n.

(1) Eigenvalues of P are
)\q+1 >\q+1




and corresponding eigenvectors are €,,€,_1,...,€q11,€q,...,€1
(2) Largest eigenvalue of P, P, is 1.

(3) Eigenvalues of K, := PK are
NAg41 = NMAg41 = ... = NAGH12NA g2 = ... 2> N,

and corresponding eigenvectors are €1,€z, ...,€441,€442,...,€n
Proof.

(1) M can be expressed in terms of eigenvectors as follows

M:qu 2ot} Lger
P )\i 'fl/\Z v

Next, we verify the eigenvectors
Pei =€; — MKei = e; — Mn)\iei

(a)el—<1)\q+1>ei>\q+1ei Vi=1,2,...

A A
where (a) follows from (25)
Pej = Ej — MKEJ' = ej — TL)\J'MEJ'

We, Vi=g+l,....n

where (a) follows from (25)

(25)

(2) By Nystrom approximation eigenvalues of P,| P, is approximately same as P'" P. Largest eigenvalue of P P is 1.

(3) Verifying eigenvectors
eri = PKei = n/\iPei

@ NAg+1€; 1=1,2,...,q

where (a) from eigensystem of P

K,e; = PKe; = nAjPe; = n)\je; Vi=q+1,...,n

Lemma 5. Properties of g, (cx) defined in (19)

(1) Unbiased estimator
Em [gm ()] = Vh(a)

(2) Decomposing gm ()

1 m—1
B llgm (@)1} = —Es, g1 (@)]3 + “=— IVh(a) 3

where g1, (a) = P,Q;, (Ka —1y)

(3) Bound on g, (cx)
2 _ Lo
E lgn (@)} < =

where Ly is the value of square loss at initialization.

Proof.

13

(26)

27)
(28)

(29)



ey

Eon g (@)] = - Py E (@] (Ko~ )

- (1) oy
= %PT (Ka —y)

@ lP (Ka — y) = Vh(a)

where (a) is from the Nystrom approximation (27).

Note that only the preconditioner is specific to a GPU. Hence, if we are in a heterogeneous setting we can rotate the
association of GPUs and random data (along with preconditioner) periodically. This gives an unbiased estimation of
gradients. Also, this operation is cheap because the size of preconditioner and data indices are small.

(2) Let the set of i.i.d. indices for the mini-batch be R,,, = {ix : k < m, k € N}. Then, g,, can be written as sum of terms
where each term deals with an independent random variable.

gm(a) = % Z PrQik (Ka - y)

k=1

1 m
= > guile
k=1

B, lgm(@)] = En < zgl 5 291 o >
1
oo} ZE% 91,0, (@)]l3 + ZEu i, (g1 (@), g1, (a))
k=1

J#k
1 9 m-—1 2
= —Ei llgvi (@)l; + —— V(@)
3)
E 2 1 2
[gm ()5 = WE 1P Q. (Ko — y)I5
1 2
< WE 1Qm (Ka —y)ll5
1
= ﬁE (Ka —y,E,[Qn] (Ko —1y))
1 2
= —E|[Ka -yl
mn
(@) 1
< — |[Kao -yl
mn
o m
In (a), we assume that the expected value of loss is less than initial loss. where Ly is the value of the square loss at
initialization.

]

Lemma 6 (Convergence of o). Ifn < % (W>, then the iteration given in (20) satisfies the following after T
(m—

iterations

"
Blar—a’lf< (1-52) o - a’l3 60)

14



Here, v = max;[K],

Proof. h(a) is Ag41-smooth and \,,-strongly convex (See definition 7 and Lemma 4).

Strong convexity implies the following

()~ he) = hie) < (Vh(@), &~ o) + 5 o~ | G

Analysing the norm ||az41 — a*Hg
E ot — o[l
=E |l — & — ngm, (@0)|3
=E o — o[ — 20E (0t — &, g, (@) + 1°E [|gim, ()3
=Elloy — |3 — 20E (G — @, g, (@) — 20E (G — tt, G, (61)) + 0°E || g, (Gr) 5
D gy — o[ = 2B (G — @, g, (@) + 12E [|gon, ()]

)
b % ~ . ~ ~
Y E oy — || - 20 (& — &, VA(@,)) + n°E [|gm, (1)

(©) w2 ~ Ano~ w112 9 ~ 12

< Ellay —a™| —2n ( E[h(a)] + 7153 la: — a5 | +07E [|gm, (@) ll;

@ . A D S ~

< Elo — a5 — 21 <E [h(a)] + ZE oy — a* |5 — 7E llo — at||§> +0°E || g, (6215

A . _ _ _
= (122 ) Bllas = a” 3+ 10,1 — - 20 (E[4(G0)] - 3 o, @0)1)
t—1

© nAn . ~ S ~
< (1= Ellac— a3+ 0 3 Ellgm @l — 20 (EI@)] - TE Lo, (@02)

1=t—T1
where (a) is from Lemma 7, (b) follows from (26), (c) is due to strong convexity of h, (d) uses triangle inequality of norms
and (e) follows from Lemma 8.

Now, we telescope. Let vy = 1 — n\,,/2

E ez — o’

T T T t—1
* (12 — ~ — ~ 2 — ~ 2
<A e — a3 =20 Y ATTER@)] + 07 Y A" E lgm, @)l + 0P A Y T D Ellgm (@)ll;
t=0 t=0 t=0 i>0,i=t—7

T T T
<A o — o2~ 20 S T E [h(@)] + 3B g, (@) (n%“ Fh Zw”-i)
t=0

t=0 i=1

T

T
* - ~ n 1_7
— " o~ [~ 203 " {Bn@) - § (14215
t=0

)Ellam. @013

(a) 2
< 7T+1 oo — @™ [I3
where (a) follows from Lemma 9, which also gives the constraint that

17 T
n(1+2 7)§ (S)m =c
Y v+ Ai(m—1)
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We calculate 7 in the worst case of 7 — co

2
n<1+1_w>§c
2

7* A — N(Anc+6) +2¢ >0
One of the root cannot be used since |y| < 1
1
N< = (Anc+6—1/(Anc+2)* +32
2\

To eliminate \,,, we can minimize w.r.t. \,,. The minimum occurs at the maximum value of \,,, which in our case is 3/n.
To get a simpler expression we consider large dataset i.e., large n. n — oo gives

c
< Z
77N3

Lemma 7 (Non overlapping updates). All the changes to the parameter vector between the time a processor reads the
parameter and updates it is in the orthogonal direction of the update to be done.

(&t — Oy, g’fnt(at)> =0 (32)

Proof. Let r be the processor index that is updating at time ¢. Recall from Section 3 that each processor r updates indices of
« belonging to data D,. exclusively. Let the index set of this data D,. be A,.. Each processor r has different preconditioner
P, whose Nystom indices are chosen from A, which results in P, transforming only a subset A, indices i.e.,

L
[Pr]ijz{o z #j. Vig A (33)

Also, note that only processor r can update indices in A, and updates from one processor is sequential. So, between the
time of read and time of update, the value in parameter vector corresponding to indices in .4, has not changed i.e.,
[a; —oy], =0 Vie A,
Also, by the structure of P, and definition of g,,, we know that only indices belonging to A, are updated in each iteration.
(9, (@2)]; = 0 Vig A,
which leads to

<at — Oy, g’mt(at)> =0

Lemma 8 (Bounding the perturbation). At all times, the norm of the change in parameter between the time of read and time
of update is bounded as follows
t—1
Ella; — cully <n* D Ellgm, (@)l (34)
i=t—T1

where T is defined in definition 2 and L is the value of the square loss at initialization.

16



Proof. Using to equation (18)

t—1 t—1
Ea; - aull; = E< Y nQigm (@), Y angmL(al)>
i=t— i=t—

T T

=’ Z E | Qigm. (@ H2+n22E {9m: (@), Qlgim, (@)
i=t—T
7?57

<o Z E|Qigm. (&)l

1=t—T

< n’ Z E [[gm, (c HQ

i=t—T

Recall from Section 3 that updates from each processor is non-overlapping. Here g, gm, are updates from different
processors. (a) follow from this fact. (b) is from the definition of Q§ which is a diagonal matrix with 0 or 1 in the diagonal
entries. B

Lemma 9 (Interpolation to variance reduction). For h(c) defined in definition 7, we show the following

Ep [h(@) = 3 gm(e)]l3] = 0 (35)
i< (36)

v+ A (m—1)

where v = max;[KP~1];;

Proof. Define a function h(~) : R® — R on the transformed space o — P~!~ as

_ 1/1 _ 1%
h(v) =~ (27TKP 'y —yTKP 'y )
For an arbitrary index 7y, define a function H; . | R™ = R as follows
Hiy(7) :=1"Qu, [ha(m), ha(72), - - e ()] 37)
hi(yi) == hi(yisna) == h(7) (38)

Q;, is a selector matrix with one non-zero entry at [@;, ];,i, = 1 and h;(7;) : R — R treats the i*" dimension of v as
variable and rest of the dimensions of «y as constants. The value of h;(7y;; 7\;) is same as h(~)

Forv = Pa,
Ei[Hi, (7)) = h(7) = h(e) (39)
— 1
VH; (v) = ~Qi,KP™ (v = 7") (40)
VI, () = QL KP'Q, @41)

Define v := max; [KP~!];;. We see that V;h;(7;) is £-smooth and also H;, () is £-smooth

— 1 — 2
Hi, (y) = 5o |[VHi ()| = (42)
Relating g ;, defined in lemma 5 to VH,;,
2 (|2

Ei, (191 (@)]l3 = Eq, | PQi K (a0 — a)|fy (43)

(a)
< Ei QK (a - o) (44)

_ N — 2

=Ky |Qi KPP (v = )|, = nEs [VHi, (1) ||, (43)
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where (a) uses lemma 4
Using (27)

10D | h(en) 2

En [h(@) = 2 lgm,(@)[3] = h(e) = =i llgr,i ()3 — T3

2m
Choosing appropriate 7)(p) for p € [0, 1] and using (39)

n > e n(p) > np)(m —1) 2
_ 1 > . AN 04 . _ A A S
B [1(0) = 3 (@15 = B [T () = 32 Lo (@] + 1 = ) - P22 7o
(@) — n(p — 2 n(p)(m—1
2 B o) - S [VHL 2] + (1= ) - 220 o
where (a) is from (45)
Solving 7(p) < min {":f’, M} forp € [0,1] we getn < ﬁ Now we can use smoothness below
n — 1 — 2 1
B [1(0) ~ £ lam (@)1 2 48s |7 () = o0 [VHL )] + (1) [h<a> ~ o @3] 0
q+1

B. Hyperparameters

Table 6. Hyperparameters

Dataset q S kernel | bandwidth
CIFAR-5M | 2000 | 10000 | gaussian 5

ImageNet9 | 2000 | 10000 | gaussian

ImageNet | 1000 | 10000 | gaussian

HIGGS 300 | 10000 | gaussian

TAXI 100 | 10000 | gaussian

W L e

18



	Introduction
	Main contributions
	Prior work

	Problem Formulation and Background
	Mechanics of EigenPro

	Design of AsyncEigenPro
	Convergence Analysis
	Numerical experiments
	Discussion and Conclusion
	Proofs
	Proof of Theorem 1

	Hyperparameters

